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ABSTRACT 

I. INTRODUCTION 

The Powered I.'light 'I'rajector! I'rogram i n  d e e i p e d  to provide a generalized cnrnputer prorrani for trajrct!>rv 

s t u d i e s  in t!\ree dinrensions. It is written i n  thr S41' language for u s e  witti the  Ill11 704 r ( ~ i ~ ~ p u t v r  and iitiliLvy :<i:t$- 

routines of the 5lIAfib: Iibra?.  Its c.t=nerulizt.d nature a l l o w s  ti lnrrre varir t?  of rocket v r h i c l e s  t o  t ie  tlt-srril>c(i t i l  

sinfilr-stiize or m u l t i - s t u w s  under v'irious rrioJcs of path control. t j r c a u s e  of it.-; genrr;ilizc,l r i . i tur fx ,  t he  propair i  r : isv 

r r ~ ~ n i r e  ii merit amount of input data. llowever, in inany c I i s r s ,  the mathenlotical description h , i s  1irr.n w r i t t e n  %io ( ,E  1 2 1  

r rquire niiniriiuni a m o u n t s  of input d a t a .  'I'lie output forniet is arr,in<rci to ,cive i i  r.brnplt=te drscr ip t inn  o f  t h y  r t ~ ~ u l t i n g  

1 
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t r a j ec ton  i n  se\er, i l  r onvetiient coordinate system3 

o n c e  thr t . ipr  I S  written 

na ted  i n  thi-  p r o # r m  a n d  continued ,lutorr:aticully i n  tm &-Bod\ Coas t  l ' r n j ec ton  P ' m ~ m ,  DnH06 (1) 

?'he p m g r m  niay  he operated froni hinun. deck or  from tape. 

f.'urthennore. control has  been included s u  that a pohered flight t rn jec ton  ma., Le termi 

A recttinKuIar coordinate svstern ie oriented w i t h  respec t  t o  a n  ell ipsoidai.  rotating earth a t  an initial time. 

'The e tpa t ions  of motion are written in this coordinate sys tem.  T h e  coordinate system remains inertial with respec t  

to the rotation of the Earth. Transformations give position, velocity, and acceleration in Earth-fixed polar coordi- 

n a t e s  a s  *ell  a s  1':arth-rentered. equatorial rectangular space-fixed coordinates. A etandard atmosphere is included 

and is assumed to rotate unifomily with the Earth.  Perfonn;ince data  describe the vehicle as an N-stage device, 

girinp thnist, m a s s .  drap. and lif t  force information for each s t age .  Pa th  control is accomplished by iiiiposinp 

restricti*.*ns on the thrust vector i n  w v e r a l  availahlr ways. PoHered-flight stages and coas t  periods may be inter- 

mixed nrbitrarily. 

2 
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II. EQUATIONS OF MOTION 

A. Coordi note Systems 

z r e c t a n p l a r  coordinate s) stem is es tab l i shed  with origin at the geodedic lati tude of v.6 and  
F"P' P 

An x 

longitude A, a t  a heiRht above the  ell ipsoidal earth. h,. The ? p  ax i s  is perpendicular to the local horizontal plane 

( s e e  Fig.  1). T h e  x axis l i e s  in th i s  horizontal plane a t  an angle from true north of D [  . The plane x p .  yp i n  raIIPd 

the  pitch p lane .  T h e  z z is given at 

the center of t he  Earth and i s  pmallel to the x p ,  y p .  I system. A third system. X. Y ,  Z is also given Hith i t s  oriFin 

a t  the r en te r  of the Larth. The  X ax i s  l i e s  i n  the equatorial plane and is directed toward the vernal equinou of dn t r ,  

while the I' axis is perpendicular to and c a s t  of X i n  t he  equntorial plane. 'The Z axis l ies iilong the sp in  a v i h  of thv 

earth in the  direction of north. T h i s  coordinate system is u s e d  to f i x  the trajcctorv i n  space i n  calendar time. i i r n r r  

the  Apace relntion of the trajectory with respect t o  other interplanetar) bodies is riisilv detemiined. s ince  ephemeris 

da ta  giving the pos i t ions  .of these  bodies as a function of calendar time are a l so  Riven in  t h i s  roordinatp s! stem.  

Although such  ephemeri? data a re  not included in this progrtm. the position and k e l n r i t y  components io t h i s  *pcic.r 

fixed conrdinnte system is t ? f  value for suhsrquent  intPrplanetarv trdjectorv s t u d i e s .  

F 
I ,  ,I I .  

axis completes the right-handed system. A se rood  coordinate s!stem x . y P P . F' P 

F 

B. T h e  International E l l ipso id  

The oblate spheroidal earth I S  characterized by the semi-major and semi-minor axes and Prcent r l r i t \  n f  the 

ell iptic sec t ion  of the Earth These quantit ies.  (1, h ,  e .  nre given in  lief 2 and htive the folloHinK value-:  

a = 6378.388 Lnl 

h = 63,%.912 km 

' = 0 0819917861 

Also. the earth angular rotation rate is aiven a s  W ,  where 

w = 0.7B2116 Y rad s e c  

3 
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Fig 1 Poner flight program - GNG06 coordinate s y s t e m s  
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C. Initial Conditions 

To begin the computation, certain init ial  quantit ies must be computed. Several options are ava i lo l l e  i n  the 

form of t hese  s tar t  conditions and therefore will be described separately.  In a n y  option, the following quantit ies are 

given initially: 

to  = initial time with respec t  to launch 

$; = geodedic lati tude 

h, = longitude 

Q,, = azimuth 

h ,  = initial height 

Also, the following computations are  needed. Begin by finding the geocentric lati tude of the origin of x 

coordinate system. 

y P' P' I P  

J 
where $J, is the geocentric lati tude.  The radius of the Earth at  t h i s  geocentric lati tude 

J1 - €2 cos2 +, 

and the init ial  Earth-center-to-origin distance is 

r, = h, + rs 

9 
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The difference between geodedic and geocentric latitude is given by 

P, = $6 - $0 

Letting 

377 r t =  -- 
2 - D L  

I ,  ,I P 

gives the coordinates of the origin in the x p ,  y p ,  z P  system at the center of the Earth: 

i (0) = ro s i n   sin Po P 

+ (0) = r0 cos Po ' P  

E (0) = - ro  cos K s i n  Po 
P 

-. 
The unit Earth spin-axis vector, R ' ,  defined i n  the x Y z system has components 

P ' , P '  P 

4 

where the spin-axis vector 52 is given by 

where 

6 

(6 a) 



1. Option I: Start at Origin 

The cornputation may begin a t  the origin of the coordinate system with a given Earth-fixed velocity v0 and a 

pitch angle  lo measured from the x axis in t he  pitch p lane .  Then 
P 

7 
and 

I n  th i s  option, the init ial  point in the coordinate sys tem i s  given by the va lues  

X P ( t O ) ,  Y p ( l o ) .  z p ( t o )  

and the velocity components by the va lues  

These  quant i t ies  a re  substi tuted explicitly for E:y. (7), and the computation begins a t  t h i s  point. 

3. Option III: Start at P ( r ,  ve, li,. A, @ , 0) 

An init ial  point i s  given by i t s  Earth-fixed polar coordinates and Earth-fixed velocitv and pitch angle.  It i s  

now necessary  to transform these  quantit ies into position and velocity components (such as the explicit  position and 

velocity components in Option 11). L e t  the  following definitions hold: 

7 = Earth center to vehicle d i s t ance  

w e  = Earth-fixed velocity 

$ = geocentric lati tude 

7 
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X = longitude 

@ = Earth-fixed path angle 

0 = Ehrth-fixed azimuth angle 

From the calendar date,  the Julien Date (JD) may be found. Then the approximation 

GHA(t,,,) = 2.58.572200988 + 0.98.5647543 T (8) 

where T = JD-2436000.0 and GHA(t , )  is the Greenwich Hour Angle a t  midnight of the day JD.  The right ascension 

of the origin (or  launcher) a t  the time of launch t [ , ,  measured with respec t  to midnight, is1 

QL = 

'The origin of the r p ,  y p ,  z p  system i s  now defined 

I t  is given by 

XL 

'The velocity components, s ince both sys tems are 

i n  the Earth-centered equatorial coordinate system ( eee  Sec. 11-A). 

= ro cos 0, c o s  $clo 

= ro s i n  8, cos  $o 

inertial w i t h  respec t  to rotation, are 
i 
J x, = Y[, = z ,  = 0 

'The Greenwich llour Angle at the init ial  time of computation, t o ,  is f o u n d  from the GH.4 ( t , )  by 

GHA(to)  = GHA(t,) + <a(t1, + to) 

and the riKht ascens ion  of the vehicle at this time is 

0 = G H A ( t o )  + A. 

'?iote that  r L  i s  the l aunch  t ime in sec referenced to midnight of t h e  date. while to (and  dw,  a s  w i l l  be seen later. 1 )  

is t h e  time in sec after launch. 

8 
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In a manner similar to that given by Eq. (lo),  the space-fixed Coordinates of the vehicle a t  the init ial  time are  given 

by 

X = r COS 9 COS IC/ 

Y = r sin 8 cos IC/ 

Z = r s i n $  ( 13) 

A new coordinate system i s  used  as an auxiliary to find the s p a c e f i x e d  velocity components. T h i s  sys tem is Earth- 

centered with t he  x ax i s  in the equatorial p lane  at 0 deg longitude, y axis a l so  in the equatorial plane perpendicular 

and e a s t  of the  x axis,  and the z ax i s  directed north on the sp in  axis. T h i s  coordinate system ro ta tes  with the Earth. 

T h e  posit ion of the vehic le  in th i s  eystem i s  

x = r cos $ c o s  X 

y = r COS $ s in  X 

z = r sin IC/ ( 14) 

T h e  velocity components in thie system are described by the following s e t  of transformations: 

Finally,  &'e velocity components of the vehicle i n  the space-fixed system are  given by the following transformation: 

-sin GH.9 

CPS GHA 

0 

y + a x  :-I 2 ( 16) 

Another transformation i s  required to find the  x 

from the product of three rotations as  

y coordinates from the  space  fixed coordinates. T h i s  i s  found 
P' P ' z P  

9 
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L s i n  aL 0 -cos  o 

0 1 0  

cos  c 0 s i n  uL L 

The initial position and velocity components are now given by 

;p - I  I 
Y p  j = 

Option III is then complete, with x ( t  ), y ( t  ) -  

Earth-fixed polar coordinatee. 
P O  P O  

c'; 

J '  

5 

s i n  Q - C O Y  4;) 0 

cos Q s i n  0 0 

0 0 - 1  

( 17) 

z ( t  ) and corresponding velocities having been found from the given P O  

D. Equations of Motions 

The equations of motion i n  the fundamental coordinate system are a s  follows: 

where 

10 
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The quantities in E q .  (19) w i l l  n o w  be defined. From the resu l t s  of F;q. (51, the F:arth-centered coordinates me found 

bv 

ip  = r p  + ;,(o) 

;p = y, + j.',(O) 

: = 2 + iP(O) 
P P  

1. Earth- Related Quanti t ies 

The Earth-center-to-vehicle distance is now found by 

P + Y P  p 
r =  (21) 

with the unit vector along r Riven by 7 where 

(22) 

From the potential equation [ see  Ref. 7 .  Kq. (%), (5911 

6 

A ' = -32.146619 - 0.052661 (4 - 0.000148 ( :-) 
6 

+ 0.263301 ( y  ) s i n 2  $ t ( 4) (-0.002057 s in4  $J + 0.003077 s i n 2  $J) 

4 6 

f? ' = -0.105319 (") s i n  $ + (-") (0.001355 s i n 2  - 0.000581) s i n  $ (23) 

11 
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The  components of acceleration due to gravity are 

Since atmospheric drag and normal force are functions of Earth-fixed velocity, it i s  necessary to find the components 

of Earth-fixed velocity in the inertial  coordinate system. T h e s e  are 

and the total Earth-fixed velocitv is 

v e  = J . 2  + v 2  + v 2 
I P  2P 3P 

with the unit Earth-fixed velocity vector, = ( v i ,  v i ,  v j ) ,  where 

v , 
I I 3 P  

, v 3 =  - 
'e 'e 'e 

I 2P 
' l )2  = 

v ;  = -- 

IJaing the geocentric lati tude from Eq. (22) i n  Eq. (2), the radius of the Earth for this  lati tude i s  found for determining 

the height 

2. Atmosphere 

Pressu re  ratio, p ( h ) i p ( o ) .  and ac rous t i c  velocity, a(h), are now needed to find quantit ies that are functions 

of atmosphere. The  Power Flight Trajectory Program includes the above quantit ies taken from the ARDC Standard. 

Atmosphere Table ,  1957, where p ( h ) / p ( O )  and a ( h )  have been fit to polynomials. (See Appendix 111.) They are 

12 
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available for  -2000 f t  L h L 300000 ft. For 300000 < h < IO6, the  following extrapolation function is used: 

I 
p ( h )  2116261.17 

p (0)  h 
+ 0.18825055 - 13 log lo  -- - - - - 

a ( h )  = 1100.0 

I 3. Performance Quantit ies 

I At th i s  point. ct-rtain vehicle performance data are required. 'l'hese a re  defined as follohs:  

'These da t a  nre provided for each s tage  of the vehicle khere R 

ning of a particular s tage .  'The total thrust is found bi 

is the total Height of the entire vehicle a t  the tiepin- 
R I 

F = F, - f ,  {I ( h )  

and the m a s s  by I 
I 

_-____.____ 

'Mass converted by g = 32.172 

13 
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where go = 32.172, ti = init ial  time for the s tage.  An option allows both Fo and I to be represented by 6 t h - d e v e e  

polynomials by proper program control. Coas t ing  i s  attained by set t ing F = 0 and 
P 

This condition is maintained until n e w  data  are required for the following s tage.  In  the following stae;e U may be 

provided explicit ly.  or I m a y  be computed from weight a t  t h i s  time. That  is ,  for the next s tage,  Fg m a y  be 

g 

g 

where t b  is time of burnout of tbe previous s tage and I, is the weight that  is discarded. A relation 

p ( t )  = w ( t )  - we 

may be computed for all t .  At  the end of a complete trajectory, p(t)  is the payload weight. 

The shutoff of any s tage may be controlled in  a number of w a y s  ( s e e  Sec.  111-D), one of which is based on 

the  computation of weight. L e t  

(30) 

Given the quantity W,,  shutoff occurs  when 

4. Drag 

Atmospheric drag forces may be computed using the expression for drag coefficient, c d  , and the effective 

may 
0 

diameter, d, of the vehicle.  The  program a l lows  two options i n  presenting C 

be introduced which i s  defined as  follows: 

. A constant for each s tage,  C 
d0 di 

14 
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1 -  
If Cdi is s e t  equal to zero, then the drag coefficient h a s  the following definition: I 
I 
I 
1 
1 
I where Vach number,  M, is given by 

+ C ,  H + c, M 2  + C 3  M 3  0 5 M < m ,  
c O 1  1 1 1 

m < M < m 2  1 -  + C, M + C2 M 2  4 C W 3  
co2 2 2 3 2  

m < M < m 3  2 -  + C  M + C  M 2 + C  M 3  
co3 13 ,3  3 3  

t c ,  M + c2 M *  + c m < M < m 4  3 -  &I3 
4 4 34 

15 5 5 
rn < U  4 -  + C H + C, M 2  + C, U 3  

I The dynamic pressure is found from 

L 

and the axial  drag force i s  now found by 

T 
.1 - - C, yd2 r- Q 0 

(32) 

Path Direction I 5. 

At th i s  point, some quantit ies mav be determined that are no t  explicit ly required to so lve  the differential 

equations.  They are,  however, of interest  in trajectory computation. Firs t ,  the angle m a y  be found that the Earth- 

fixed velocity vector makes with the local horizontal plane,  I 
- + - .  

s i n @  = r e v  (36) 

15 
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where and were given by Eq. (22) and ( W ) ,  respectively.  T h e  comparable angle for the inertial velocity vector 

is 

4 - 4  

sin = r - vi 

with 

I I  -4 

0. = ( V i  , 'Ii , v.' ) 
1 2 '3  

and 

where 

Consider the  projection of the  Earth-fixed velocity vector in the local horizontal plane.  T h i s  projection makes an 

angle, U ,  with north. and hence  i s  t he  Earth-fixed aximuth angle. Fo r  proper quadrant definition, t h i s  angle i s  given 

by the express ions  

c o s  Q = 

where 

cos  $ 0.  cos @ * 0 

The  comparable angle for the inertial velocity vector is 

16 

(38) 
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I *  
Poth Control I 6. 

Two vec tors  are now introduced and defined. T h e  ;vector is defined as a unit vector aligned along the  

longitudinal ax i s  of the vehicle,  and h a s  components (cl, c 2 ,  c 3 )  in the  coordinate system. Similarly, the  thrust  

vector, f = (f,, fp, f3), is the unit vector that points in the direction af thrust. For simplicity, the assumption i s  

made that 

1. 
I 

--t 

-4 

= /; tha t  i s ,  the  thrust vector i s  constrained to  point d o n g  the  longitudinal axis of the vehicle.  It 

remains, then, to apply adequate constraints upon the  ;vector in order tha t  path control may be achieved. To do this,  

we define two angles ,  the  ‘pitch’ angle, x. and the ‘yaw’ angle. 7. 

c 

Diagram A 

F r o m  Diagram A, i t  i s  evident that  the following relatione are true: I 
c 1  = cos x c o s  7 

c 2  = s i n  x coa  7 

c 3  = s i n  7 

Control then is imposed by either explicitly defining 

control that  i s  available in the  Power F l igh t  Trajectory P ropam is given below. Angles of a t tack ,  as  given in the  

or by defining the angles  x and 7 .  T h e  s e t  of options on path 

I following l i s t ,  a re  defined by Diagram B. 

17 
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/ 
' P  Diagram R 

P :  
1. Control by given angle of attack in pitch, a 

v '  1 sin ap + v 2  ' J- 
s i n  x = - 

v ' 2  + .;2 
1 

2. Control by given angle of attack in  yaw, CI * Y '  

v i  
.-- __ 

7 = a Y + y  c o s a p  I cos  y ' = 

3. Zero lift: 

4 -  

c = v  

4. Gravity turn: 

(42) 

(43) 

4 "  

c = v .  (44) 

18 
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3 
1 
I 
1 

5. Vertical fli&t: 
I 

77 
x = - - v  7 = 0 ,  a = O  

2 

6. Constant pitch angle: 

- - 
x = where x = given constant 

7 .  Pitch angle a s  function of time: 

- - 
x = x ( t )  where X ( L )  = 6 t h  degree polynomial 

8 .  Modify pitch angle and hold constant: 

Let x ( t i )  = x’ at some time t i .  Then set 

x (constant) = x ( t i )  + A x  

given A x  

9. Zero yaw angle: 

7 = 0  

10. N o  y a w  restriction: 

s i n  7 = u ’  
3 

11. Y a w  a s  function of time: 

- - 
T = ~ ( t )  where 7 ( 1 )  : 6th-degree polynomial 

12. Modify yaw angle and hold constant: 

Let ~ ( 1 ~ )  = 7 at some time ti. Then set 

T(constant) = 7 ( t i )  + 0 7  

(47) 

(48) 

(49) 

(SO) 

(5 1) 

( 5 2 )  

given A T .  

19 
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1 
I 

13. Reference pitch angle to horizon: Given the angle,  p.  measured from the loca l  horizon 

(.;;;) . ; = 0 

- +  
r - c = s i n p  

-4 

v i  * ; = c o s  ( y  - p )  

4 

Solve Eq. (53) simultaneously for c .  

T h i s  completes the  s e t  of controls Siven hy the Powered Fl ight  Trajectory Program. In all the  above, if the 

angle of a t tack  i s  not zero, then the  total  angle of attack is 

4 -  

c o s a  = c - u 54) 

Also, if u i 0, normal or lift force ex is t s .  T h i s  force a c t s  i n  a direction perpendicular to the  ;vector and in the - 
plane of U. If t he  normal force vector is n = (nl, n2,  n3), then 

=$8 - .I 

" I  
n . =  

I 
s i n  a 

The  total  normal force i s  defined as being l inear with 3 ,  and i s given by 

i = 1, 2, 3 

where C i ,  the l i f t  coefficient must be given i n  a manner similar to the  polynomiE.3 in Mach number of the defined 

in Eq. (32). T h i s  completes the control equations. 
c d o  
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7. Additional Quantities 

A t  this point, enouRh information i s  available to form the right-hand s i d e  of the bas i c  differential Eq. (19) 

There  are, however, additional quantit ies that  may be computed that are of interest .  For exnmple, the angle  s u b -  

tended a t  the center  of the Earth from the origin of t he  coordinate system and the position a t  a n y  la te r  time, t ,  is 

given by 

The range over an averae;e sphere is 

T h e  longitude may be found by first  cornputin8 the  change in  IonRitude from t o  to any time t 

Longitude i s  given by 

The space-fixed, vernal equinox coordinate system described earlier is of interest  .ar interp.metary trajectory 

s tudies .  Hence R transformation from the launch centered inertial  system to t h i s  space-fixed system i s  given. L e t  the  

right ascens ion  of the  origin of the launch centered system be 

and l e t  

PI = 

where 

- 
- s in  8 ,  -cos  0, 

c o s  c), -sin 0, 

0 0 
- 

R '  - - s in  $6 sin K 4 -  

"; = - c o s  $6 
= sin $6 cos K 

and Qi, i = 1, 2, 3 are  given by Kq. (6). 

1 1 J pi n; R j  

n: = - cos  K 

"d = 0 

$2; = - s in  K 

c 

(6 2) 
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L e t  (C I = IH I . IC I . Then the  space-fixed posit ion,  velocity, and acceleration components are as follows: 

' I  
x 

P 

n 

Y P  

I, 
2 

P 
(63) 

8. Velocity Shutoff Equation 

in  discuss ion  of the  m a s s  computation, an option for ehutoff OD the b a s i s  of weight wan d iscussed .  Another 

b a s i s  for shutoff i a  given now. It i s  desired to shut  off a s t age  when the measurable velocity a t t a ins  a given 

standard value.  T h e  total  measurable acceleration is given by 

am = /- (64) 

.. .. .. 
where x m ,  ym, zm a re  given by Eq. (19). 

The  true measurable acceleration i s  that  component of am tha t  l i e s  in the  direction of the  vector. T h a t  i s ,  

- - 
ax = om . c (65) 

Then, the  true measurable velocity i s  defined by 

t 
V, = K~ I ax dt  + V , ( f o )  + + K ~ ( u ' -  t )  + ~ ~ ( b ' -  t ) 2  

'0 

where K~ are gain factors,  V x ( t O )  the initial true measurable velocity, and ( a '  - I), ( 6 '  - 1)  are drift t e r n s ,  a11 of 

which are given. L e t  

ts = t x  - vz 
s 

wbere V, i s  the  des i red  value of velocity. Then ,  when "b = 0, shutoff occurs.  
S 
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c o s 0  s in  8 0 

- s i n e  c o s 8  o 

0 0 1 

9 .  Observation Stations 

It  i s  of interest  to view the trajectory from one or more points referenced to the rotating uniform ell ipsoid.  

Le t t ing  these  points be defined by R i ,  $', Qi, the dis tance from the center of the Earth,  the geocentric lati tude,  and 

longitude, respectively.  g ives  the following quantities with r e spec t  to  this point: 

. .. 
R , .  R,. R, = slant ranRe. rate,  acceleration 

Q, a = hour angle,  ra te  

8.  F = declination, ra te  

c ,  e = elevation, rate 

u, 0 = azimuth, rate 

L = look angle 

p = polarization angle 

Regin by defining a n  Earth-centered, rectangular coordinate system that h a s  an x e  a x i s  in the equatorial 

. .  p l e n e  in the directinn nf the C-rctr?vtich ~ e r i d i z ~ .  The y e  GX;G ;G a!ec; i i i  :he cqunt<,i-ia: plarlr arld is 90 deg emt of 

the x t  axis ,  while the z c  a x i s  points north along the spin a x i s  of the Earth. T h i s  coordinate s y s t e m  i s  Earth-fixed 

and i s  related to the space  fixed system by the rotation T such that 

W Y  + x 

- a x +  Y 

i 

.. 
x e  

"e 

z e  

.. 

.. 
= / T I -  

The  rotation / T I i s  simply 

. .. 
(-wx + Y )  + ( - d x  + O Y )  

.. 
Z (68) 

(69) 
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where Ca is given by Eq. (12). The ;vector i s  needed in the space  fixed system, and i o  found by 

+ -4 

ci = I C / .  c 

where (Ci  w a s  given by Eq. (63). Using the quantities that define the observation point, the position coordinates of 

t h i s  point in the above Earth-fixed system a re  given by 

xi = R ,  C O R  $hi C O S  0 j 

Yi = K~ cos $i sin Qi  

Z, = R ,  s in  +i 

Now the s l an t  range, s lan t  range rate, and s l an t  range rate change m'iy be found by the  following equations: 

The hour  angle,  declination, elevution, azimuth, and their r a t e s  are found bv the following s e t  of equations: 

where 

and  

(70) 

(7 1) 

(7 2) 
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s i n  e = 

R S  

8 =  
Z, - R ,  sin 6 

R ,  c o s  8 

n 

2 

x ,  cos 4i cos @ i + i, sin +, sin 0, - i, cos 4, + t R ,  cos e - e R ,  s i n  e )  cos  c 
_ _ _  - * . -_I- _- - - - - - - 

R s  s i n  c cos e 

+ 
The look angle, or the angle that the C i  vector makes with the slant range vector, is given by 

(X - X i ) C  + ( Y  - Yi)C t (Z - q c ,  
'i 2i 

R S  

where 

(75) 

(78)  

(79) 

(8 1) 

(82) 

25 



JPL Technical Report No. 32-38 

T h e  polarization angle, p ,  is defined in vector notation as follows: 

-4 

where ri is the  unit observation point vector. 

Finally,  given the station transmitter parameters Ai, Ri, Ci. Di, and the velocity of light, c ,  the frequency 

received a t  t he  station is a function of the transmitted frequency, f, , i s  
0 

10. Conic Parmeters 

In addition to the above calculation, the proRram inc ludes  a s e t  of equations representing the solution to the  

two-body problem involving the E:arth and the vehicle. At any  time, on control a t  input, the  ineitia! velocity t i l ,  Earth- 

center-to-vehicle d is tance ,  I, and inertial path angle, y, are supplied to the equations.  'l'he resuit  is a s e t  of purrnil- 

e te r s  characterizing the conic two-body solution. The equations and the subroutine are described i n  Ref.  4. 

T h e  output from this computation i s  described in detail  in Sec .  Ill-E. However, when the result ing conic i s  

a hyperbola, additional computations a re  made u s i n 8  as input the quant i t ies  given in the conic. These are described 

by the equations that follow. The unit, :. vector oriented normal to the p lane  of the conic is 
* 

4 
4 

The auxiliary, m. unit vector is constructed normal to 5 and by 
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I 
4 4 A 

Two additional unit  vectors, 6 and ?j, m a y  be found by rotating; and Z and 5 through an angle 0 ,  the true 

anomaly. The 6 and ?j vectors are such tha t  
-4 4 + 

i s  directed toward the perigee point while ;i' is perpendicular to 5 and 

in the  conic  plane 1 

(87) 

+ --t 

- I A 

-4 

Now the unit  S vector may be defined that is directed along the  outgoing asymptote nnd the unit b vector normal to S 

and in the  conic plane.  I \ 

4 
- + 4  

S = s in  v,,, + 6 C O R  v,,, 

(88) 

given in  Kq. (63) I 
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Ill. PROGRAM OPERATION 

A. General De sc r i  pti on 

T h e  Powered €‘light Trajectory Program, GNC06, is written in the S A P  language for u se  with an IBM 704 

with a 32,768 word storaRe. I t  directly occup ies  1 1 2 2 4  locations.  T h e  program requires no tape unite other than for 

output option. The program may be written on tape and executed f rom logical tape unit  NO. 8. Writing the program on 

logical tape N o .  8 is accomplished by replacing the  b inary  transfer card of the binary deck by one  which transfere to 

the oc ta l  location of  the symbol TAPE:. The  program m a y  be eas i ly  revised to be executed from IBM 704 with 8k 

storage and 4k drum storaRe. I t  u t i l i zes  standard SHARE submutines  wherever poss ib le .  

B. Program Control 

’The program ut i l izes  the JP 1)F;Q (5) subroutine as a differential-equation solver. T h i s  routine encornpassee 

a Runge-Kutta 4th-order integration routine and independent and dependent variable control options.  T h a t  i s ,  control 

o f  the solution of differential equations is maintained by specifying tbe conditions under which discontinuities in 

!he sn!utions m ~ a !  CICCE ! ! P ~ Y P ,  c h m g e e  i n  the !nrn!s n! !he equations orcur when spec i f ic  va!ues o f  independent 

and or dependent va iges  are achieved. iiEQ, i’npn, iniegraiey unii;  Lhe spec i f ied  value of the variabie is attained. 

‘Then control i s  transferred to the particular routine which ciirries out  the ch,ange in the differential equations.  When 

the change i s  accomplished, the  der iva t ives  a re  recomputed and control is returned to the control routine, DEQ. 

T h e  contrnls provided to DEIQ, ca l led  triggers, are of either of two general  types: (1) dependent variable 

triRgers, or (2) independent variable triKgers. Those  controls in tvpe (1) are automatically s e t  by the p ropam.  Thei r  

sequence  of use is init iated by input da t a  that is described la te r  (see S t c .  111-D), and require no additional care. 

IJnder the  classification of controls of v p e  (2) above. all except  one is automatically s e t  by the program. 

Tha t  i s ,  the normal input dnta are used  by the  program to init iate the use of the  triggers. T h e  one exception is a 

generalized independent variable trigger. the use  of which is left to the program user .  Tha t  i s ,  t he  u s e r  must provide 

input, in the proper format to th i s  trigger. I t  i s  designed to allow changes  in logic that a r e  executed a t  specified 

va lues  of the  independent variable, time. For example, the se lec t ion  of any printout interval m a y  be made by t h i s  

control at any  time during the computation. T h e  detailed description and use of these  independent variable controls 

i s  given in Sec.  III-D(4). 
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In  general  then, the program i s  designed to provide automatic control over the trajectory computation on the 

b a s i s  of dependent and independent variable controls that a r e  autoniaticnlly se t  on the basis of input performance 

da ta  and on  the b a s i s  of user -se t  independent variahle controls. 

C. Option Control 

T h e  various options available in the Powered Flight Trajectory Program were originally designed to be 

controlled by s e n s e  swi tches .  However, all controls of option no longer require s e n s e  swi tches ,  hut ins tead  require 

control words tha t  are read in as  input data. The term sense  switch is s t i l l  used, but i t s  rncaninK implies a control 

word. ( s e e  Input Format.) The followinR convention is used: 

Control Ford 

n = O  

n i O  

Sense  Switch Analogy 

UP 
down 

Resul t ing  output, for example, is on-line or off-line a s  desired by one of t h e s e  pseudo-sense  swi tches .  ,411 of the 

options will be described in detail  in the input description. ( s e e  Input E'ormnt.) 

D. Input Format 

Input to the  Powered Flight Trajector). Program is accomplished with a modified version of the SH4RI.I 

NYINPl subroutine where all input i s  from cards. The routine requires input curds in the SAP format w i t h  certain 

symbols. Only two operation symbols are needed: DEC and TRA. The  following conventions are standard: 

bath produce a floating-point number, x 1  x 2  z3 .z4 xj ,  in the decimal location a. 

p DEC z1  x 2  x 3  x 4  x 5  

produces a fixed point number, x 1  x 2  r 3  x 4  f 5 ,  in the decimal location p .  
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All input data are in floating-point form except where specified.  Furthermore, there i e  (10 option available 

for  un i t s  used .  the  control of which is described later. T h e  un i t s  ava i lab le  are as follows: 

Option 1: feet, radians. pounds, seconds  

Option 2: meters, degrees, pounds, s econds  

T h e  se lec t ion  of one of the above options implies tha t  all  input will be in these  uni t s  with a few except ions  

tha t  will  be well-defined. Furthermore, as  will be shown later,  output un i t s  will be compatible with these  input units.  

The p'opjram is designed to s a v e  entirely all input quantit ies.  Thus,  if repea t  t ra jec tor ies  are computed with 

changes  in input from an init ial  trajectory, then only the changes must  be introduced in the  subsequent  trajectories.  

If memory is entirely cleared before introducing the  program to the computer, then zero quantit ies need not be put in. 

Furthermore. options involving input need not be zero if the  option i s  not used  in a trajectory Computation. 

T h e  input quant i t ies  will now be described in detail .  In th i s  description, t he  input quant i t ies  will be given 

with their  program decimal location along with a brief definition of the quantity where i t  i s  needed. Also,  un i t s  will 

be given if they are except ions  to the  two-unit options given previously. 

1' General Input 

30 

Locat ion  

350 

35 1 

352 

353 

354 

355 

356 

357 

358,500 

Quanti t i e s  

I.D. 

Date 

Integer j 

Search option 

Description 

Identification number of form xx.xxx 

Identification date run of form xx.xx 

Se lec t s  jth performance da ta  set as first  s e t  to be used 

(F ixed  point) 0 => no search  

1 => nnivariate search 

2 => bivariate search  

Initial time 

Initial height 

Geodedic lati tude 

Longitude 

Azimuth 

See  Sec. 111-C; equations 
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Lo cation 

390 

39 1 

392 

393 

360 
361 

363 

364 

365 

366 
367 

368 

503 

523 

543 

563 

583 

60 3 

4 10 

411 

412 

413 

414 

4 15 

Qu an ti t i  e s 

Month 

Day 
Year 

Launch time 

Sense  switch 1 

Sense  switch 2 

Sense  switch 3 

Sense switch 4 

Sense  switch 5 

Sense  switch 6 

Performance da ta  for motor-stage 

FO 230 

Description 

(Fixed point) Calendar date of launch 

(Used to produce input to Eq. 8.) 

Time ( sec )  referenced to midnight of above da te  

Initial velocity and pitch angle if option 1 of Initial 

Conditions i s  u sed  

Posit ion and velocity components i f  option 2 of Init ial  

Conditions i s  u sed  

Polar  coordinates and velocity if option 3 of Init ial  

Conditions i s  used  

Not used  by GNG06 

= O => offline; 4 O = > online 

Not used by GNG06 

= 0 => not option 3; 

- 0 => no t  option 2; 

= 0 => ft. rod, Ib, s e c  input-output 

i O => meters,  deg, Ib, s e c  input-output 

0 => option 3 

0 => option 2 

\'acuum thrust (Ib) 

I f  Fo = - 1  (F ixed  point), u se  thrust from first  of two poly- 

nomials available.  If Fo = - 2  (F ixed  point) u s e  thrust  fmrn 

second of two polynomials available 
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1 .o cation 

23 1 

23 2 

23 3 

23 4 

235 

2 %% 

23': 

238 

239 

240 

24 1 

242 - 30 1 

310- 323 

330 - 343 

435 

436 

437 

438 

$39- 158 

459 

4.60 

It, 1 

Ki2 

Quanti t i e s  Description 

E:xhaust area ( f t ?  

Gross weight ( I t ) ) .  I f  = 0, compute p s s  weiKht from 

previous stage ( see  Eq. B b . )  

Discard weight a t  end of s t q e  

Mass f low (Ib sec) .  Same options as on F, above 

Fuel weight shutoff ( s e e  E:q. 30 and Ib) 

L 
5 

5 
wf 

1)  Fffective diameter (ft) 

( 'dr 

I!:\ t 

Drag coefficient identifications ( s e e  Eq. 31-32) 

Hurning period i f  1 0 

Rurning period determined by shutoff E:q (64) - (67)  i f  

- 0  

(F ixed  point) Code word that detennines path control 

option during burning 

(:east period fol lowing burning portion of s t age  

(F ixed  point) Code word that determines path control 

('oiitml optlon during coas t  period 

(; D 13 

;L t 

GDC 
3 

Spare  provided for five additional s e t s  of performance da ta  identical  with those  described 

above 

Space provided for two F,, bth-drgree polynomials for vacuum thrust  option 

Space provided for two II: 

m l  

m 3  

6th-degree polynomials for m a s s  f low options 
P' 

Mach number bounds for drag coefficient polynomials 

( s e e  Eq.  32)  

, 
I Mach number bounds for normal force coefficient 

polynomials ( s e e  Kq.  ,Xi) 

1 m 2 

4 m 

Space provided for five druR roeffiripnt polynomials ( see  F:q. 32) 

" I  

m ?  

m l  

, 
I 

m .  .3 

-- 

3 1 f  GDf l  or G D C  is w t  q u a l  to zero, path control w i l l  not be changpd from t h a t  option used until this time. 
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Location 

463-482 

370 - 373 

378-381 

382-305 

386 - 388 

485-491 

492 - 490 

Q u m  ti t i e s  

Space provided for 

p i ,  i = 1, 2, 3, 4 

A ri, i = 1, 2, 3, 4 

x j ,  i = 1, 2, 3, 4 

Axi ,  i = 1, 2, 3 

Space provided for 

Space provided for 

- 

700 - 741 Space provided for s i x  

750 -791 Space provided for six 

Description 

f i v e  normal force Coefficient polynomials ( s e e  Eq. 56) 

Four  valueH of ,d (k;q. 53) may be used in a trajectory 

Four values  of 07 (E:q. 52) m a y  be used in a trajectory 

Four va lues  of x (Eq. 46) may be used  i n  a trajectory 

Three va lues  of A x ( K q .  48) may be uRed in a trajectory 

- 

6th-degree polynomid, a (I) (Eq. 41) 

6th-degree polynomial, a, ( t )  (Eq. 42) 

P 

2. Station Coordinate Computation Inputs  

650 

651 

652 

653 

6 54 

655 

656 

657 Di J 

6th-degree polynomials x ( I ) ,  one polynomial per s t age  (Eq. 47) 

6th-degree polynomials T ( t ) ,  one polynomial per s t age  (Eq. 51) 

Geocentric lati tude of station 

Longitude of station 

Earth-center-to-station d is tance  

Frequency and cons tan ts  oi Eq. iwj 

658 - 690 Space provided for four more se t s  of station data  

3. Shutoff Equation (Eq. 66) 

50 

51 

52 

53 

54 

55 a' b '  1 
Multiplier coefficient 

Drift coefficient 

Initial measurable velocity 

Standard shutoff velocity 
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4. Independent Variable Control Input 

T h e  foliowing is a l i s t  o f  control nurnhers that w i l l  bring about changes of logic or changes of control i n  the 

program. ' t h e s e  control numbers when provided as shown below with a spec i f ic  value of the independent variable. 

time. will bring about the desired change i n  logic or control when th i s  value of t i m e  is reached. 

Control Number 
(F ixed  Point) 

100 

10 1 

10 2 

103 

104 

10 5 

106 

107 

- ^^  

1UU 

109 

110 

111 

112 

113 

Path control selection 

114 

115 

116 

1 17 

118 

[:u n c ti o n 

Dummy No. => error 

Set A t  = 1 s e c  

Se t  A t  = 2 s e c  

Se t  A t  = 10 s e c  

Set A t  = 50 s e c  

Se t  print interval = 0.5 sec 

Set print interval = 1.0 s e c  

Set print interval = 2 s e c  

\et print interval = 10 3ec 

Set print interval = 100 s e c  

Y o  regular printout 

Unconditional printout 

Printout and halt  

Printout. r e se t  program. and  res ta r t  

P i tch  with constant attack angle 

P i tch  with attack angle polynomial 

Zero lift 

Gravity turn 

\'ertical flight 
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Control Number 
(F ixed  Point)  

119 

120 

121 

Constan t  xi ,  i = 1, 2, 3, 4 ( i  progresses  with each u s e  of th i s  

control) 

x ( t )  polynomial (automatically u s e s  that polynomial assoc ia ted  

with current stage) 

Modify pitch angle  by A x i  and hold cons tan t  att i tude (i progresses  

automatically with each u s e  of t h i s  control) 

122 L e t  7 = O  

123 No yaw restriction 

125 

125 

Function 

7 ( I )  polynomial (automatically u s e s  that polynomial a s soc ia t ed  

with current s taee)  

Uodify yaw angle by A 7 i  and hold cons tan t  att i tude (i progresses  

automatically with each u s e  of t h i s  control) 
, 

126 Yaw with attack angle polynomial 

138 

128 

Reference pitch angle to local horizon through angle pi ( i  progresses  

automatically with each  use of this  control) 

Se t  next  stage 

129 c o a s t  

130 Transfer  control to DBH06. (Assumes that D R H 0 6  is next  record 

on tape No. 8) 

133 Pr in t  two-body solution (conic) 

134 Print two-body solution with regular print 

135 Begin station printout 

136 Stop station printout (automatically s e t  a t  beginning of trajectory 

cornpu tation) 

137 End univariate and bivariate search  
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1Jsing the above control numbers, selection of a particular function to be carried out a t  a particular time, t s ,  

is accomplished by input of information in the following card format: 

Location 

150 

152 

154 

Time 

t S  1’ 

t *  2’ 

f S 3 ’  

Fl ight  
(Control No.) 

xxx 

xxx 

xxx 

There  i s  a maximum of 25 such controls. I t  i s  pointed out a t  t h i s  time that the above given control numbers 

are those  that must be provided in the performance data input a t  GDB and GDC. I t  i s  also pointed out that  the  control 

words 128 and 129 a r e  s e t  by the program and need not, except  for spec ia l  applications,  be set as an independent 

variable control. Control numbers 101- 104 need not be s e t  except  for spec ia l  applications s ince  the program will 

u s e  A t  = 2 s e c  during powered flight and A t  = 10 sec durind coas t .  Control numbers 112- 113 must be used to 

terminate the computation. Output automatically occnrs  at the beginning of computation and at s tage  changes  and 

coas t ,  and a t  the end of the trajectory computation. Hence. control number 110 will give no additional output. How- 

ever, controi numbers iij5- io8 w;!!, io  addi:ic:: to the a_?!nmatir printout. Sive printout a t  the prescribed printout 

intervals.  Control number 111 produces one priutout at  the prescribed time. If  the printout interval i s  l e s s  than the 

integration interval, the program is forced to use  en integration interval smaller than that des i red  in order to reach 

each  print time. 

5. Search input 

A generalized univariate and bivariate search routine i s  included so that s ea rches  may t e  made for desired 

va lues  of se l ec t ed  var iab les  by varyine; other se lec ted  variables.  T h i s  differential correction scheme requires the 

se lec t ion  of ‘independent’ search var iab les  and ‘dependent’ des i red  variables.  T h e  search  routine, then, us ing  the 

Powered Flight Trajectory Propam as  a subroutine, varies the va lues  of the  ‘independent’ var iab les  in a manner 

such  as to converge on the  des i red  va lues  of the ‘dependent’ var iab les  a t  the end of the trajectory. 

The  program uses standard SHARE subroutines JP  TARN (Univariate Search) and JP WEIR (Bivariate Search) 

along with JP G N A T  (Lagrange’s Interpolation Routine). The  program a l lows  the  selection of any input quant i t ies  

and  any computed quant i t ies  for independent and dependent vsriables.  In addition, on input, the des i red  va lues  of the 
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dependent var iables  and allowable e m r e  in these values are  provided. Also, nominal increment values of the inde- 

pendent var iables  are entered. In operation, the program computes a trajectory usin6 the init ial  or  n o m i n a l  va lues  of 

the independent variables;  I i .  It then computes trajectories us ing  va lues  of li modified by the increments, A I I ,  one 

trajectory per change of variable. Using the differences. A D i ,  in the computed values of the dependent variuhles,  Di. 

from their va lues  from the nominal trajectory, the search routine compntes a n e w  s e t  of A I ; ,  and the procedure i s  

repeated. If the  procedure converges, the computation will terminate with the computed va lues  of the D I  equal to, 

within the allowable error, the deeired value of D,. At  t h i s  time, of course. the values of the I, are such B Y  LO bring 

about the originally desired values of the l i .  

Selection of n o  search, univariete. or bivariate search was  indicated in the search option at  location 353 i n  

the input quantit ies.  The input format of quantit ies required for these  sea rches  is given a s  follows: 

Location 

70 

7 1  

a2 

83 

76 

77 

78 

79 

86 

87 

If univariate search 

Description 

Decimal location of independent var iables  

Decrements of independent var iables  

Decimal location of dependent v a r i a b l e s  

Desired value of dependent variables 

.Illowable 

is used ,  then the first of the above pairs 

errors i n  v a l u p  of d e p f n d e n t  variables 

of quantit ies need be given. K h i l p  i l  bivuriatp 

search is used, all of the above information is required. The  final i n p u t  card m u s t  return control to the input s u b  

routine. This card must be TRA 3,4. 
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E. Output Format 

The output, as  explained earlier,  i s  given in either the uni t s  ft, rad, lb. s e c ,  or meters,  deg, lb, s e c ,  and 

c o n s i s t s  of three bas ic  parts.  T h e s e  are the  heading, the normal print, and the motor da ta  print. T h e  heading is 

given init ially with every trajectory Computation, and i t  inc ludes  pertinent init ial  da ta  and identification. T h e  normal 

print  i s  given a lways  a t  the  beginning of the  computation, a t  the  beginning of all  coas t  periods and s t ages ,  and at 

the termination of the  computation. However, through the u s e  of the  aforementioned independent variable controls, 

additional normal print may be given a t  regular intervals. The motor da ta  print are given a t  the  initiation of a new 

power s tage .  These three par t s  will now be described i n  t he  following tabulation. 

Symbol 

IDENT 

DATE 

A ZI 

LAT 

GED 

LON 

R A D  

LAUNCH DATE 

JDT 

GHA 

TI, 

Symbol 

T I M  

ACX 

I N A  

DDX 
DDY 
DDZ 

Heading 

Description 

Identification number 

Date of trajectory computation 

Azimuth of launch 

Geocentric latitude of launch 

Geodedic latitude of launch 

Longitude of launch 

Earth- to-I aun ch di s tan  ce  

Calendar da t e  of launch 

Julien date of launch 

Greenwich hour angle a t  da te  

Launch time referenced to midnight of above da te  

Normal Print 

Description 

Time 

Measurable acceleration along 

Measurable velocity along 

.4cceleration components in inertial coordinate system 
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I 

I 
I 
I 
I 
I 

Syin bo 1 

DT 

DTT 

XP 
YP 
ZP 

DXP 
DY P 
D ZP 

v 

GAM 

xw 
YM 
ZM 

v E 
PTIi 

ARC 

H 

NDD 
YDC) 
Z D D  

LAT 

LDN 

M 

F 

A 

N 

CHI 

TAU 

SI G 

SGI 

Description 

Sublime integration interval 

Integration interval 

Pos i t ion  components in inertial  coordinate system 

Velocity components in inertial  coordinate sys tem 

Inertial  velocity 

Inertial  path anRle 

Measurable position components in inertial  coordinate system 

Measurable velocity components in  inertial  coordinate system 

Earth- f i  xed velocity 

Earth-fixed path angle 

Angle at  Earth center  from current to launch position 

ne;$i 

Ekrth-center-to-vehicle d is tance  

r, 

Heasurable acceleration components in inertial coordinate system 
J 

Geocentric latitude 

Longitude 

Mass ( I  b) 

Thrus t  

Axial d rag  force 

Normal force 

Inertial vehicle pitch angle 

Inertial vehicle yaw angle 

Earth-fixed path azimuth 

Inertial path azimuth 
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Symbol Description 

XA 
YA 
ZA 

DXA 
DY A 
DZA 

ALA 

P A Y  

Pos i t ion  components in s p a c e  fixed coordinate system 

Velocity components in s p a c e  fixed coordinate system 

Attack angle 

Payload weight 

Motor Dota Print 

Symbol 

FRC 

FE 

WG 

WPD 

DIA 

CD 

BR?? 

CST 

Description 

Vacuum thrust 

Exhaust  a r ea  

Gross  weight 

Mass flow (lb) 

Diameter (ft)  

Drag coefficient 

Burning period ( see)  

Coas t  period ( s e d  

When control i s  used  to compute the station observat ions,  a printout is given by the program descr ibing the 

data a t  each s ta t ion required. The symbols and quantities are given a s  follows: 

Symbol Description 

LAT 

F L V  

DCL 

SIG 

HAN 

RDR 

Geocentric latitude of station 

Longitode of s ta t ion 

Slant  range to vehicle  

Elevat ion angle of vehicle  

Declination of vehicle  

Azimuth direction of vehicle  

Hour angle  of vehicle  

Slant range ra te  
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Symbol 

EL R 

DCR 

SGR 

HAR 

RDD 

LOK 

P0L 

FRQ 

Description 

Elevation angle rate 

Declination rate 

Azimuth rate 

Hour angle rate 

Slant range rate change 

Look angle 

Polarization angle 

Frequency received at station 

These quantities are repeated for each station. 

When control i s  used to compute the two-body conic, a printout io  given by the program describing the reault- 
I 
I ing conic path and i t s  parameters. While i t  w a s  pointed out that all units of input and output are consistent with the 

two options described earlier, one major exception exists in the conic printout. These are demonstrated. 

I Input U n i t s  Conic Print Unite 

h, rad, sec, lb 

1 The conic printout format i s  now given. 

I 
I 
I 
I 
I 
I 

Conic-Ellipse 

M0M 

ENR 

ECC 

AXS 

PER 

ANM 

Ap0 

PGE 

VAP 

miles, rad, sec, lb 

meters. dep. sec, Ib 

Description 

Momentum 

Energy 

Eccentricity 

Semi-major &S 

Period (days) 

True anomaly 

Apogee distance 

Perigee distance 

Velocity at apogee 
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I 
Conic-Ellipse 

VP G 

TPG 

EAN 

Description 

Velocity a t  perigee 

Time to  perigee 

Eccent r ic  anomaly 

Conic-Hyperbola Deacription 

MOM 

FIR 

ECC 

AXS 

PDT 

ANM 

M A X  

PGE 

EXV 

VPG 

TPG 

X I  

ETA 

ZETA 

S 

M 

B 

Mom en turn 

Energy 

Eccentricity 

Semi- tran sve r se  axi a 

Perpendicular di s tan ce 

True anomaly 

Maximum true anomaly 

Per igee  d is tance  

E x c e s s  hyperbolic velocity 

Velocity a t  perigee 

Time to perigee 

2 vector Components 

vector components 

3 vector components 

S vector components 

rn vector components 

b' vector components 

.-. 

4 

The  la t ter  six vectors  are repeated i n  the space fixed coordinate system. 



F. Timing 

The time required to compute a complete trajectory may be estimated from the number of integration s t e p s  

taken by the Rnnge-Kutta integration routine. T h i s  may be done eas i ly  with knowledge of the interval s i ze .  A e  w a s  

pointed out  in Sec. III-D(4), integration in te rva ls  of 2 s e c  and  10 sec are automatically used  during burning and 

coas t ing  periods,  respectively.  T h e s e  may be used  to determine the total  number of integration s teps .  T h e  following 

formula i s  given for approximating the computing time: 

where n J number of integration s teps ,  and c i s  in minutes. 

Example: T h e  time of computing will b e  found for t he  t e s t  c a s e  in Appendix IV. 

Stage 1 

Stage 2 

Coast 1 

Cosot 2 

Burning Time A i  

171.11 2 

72.0 2 

15.0 10 

1 RO In 

Total Steps  

2.5 min 
125 

50 
f = .  - =  

In t eqa t ion  S teps  

86 

36 

125 
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PfOgri3U 

MAJAX 

MINAX 

ECC6N 

WEGA 

TZ 

PSI ZP 

LAMZE 

AZM 

HITEZ 

PSIZ 

RS 

RZERB 

RETAZ 

SINK 

COSK 

XPRIM Z 
YPRIMZ 
ZPRIMZ 

P)MGP1 

0HGP2 
0MGP3 

0MEG1 
0 M  EG2 

0MEG3 

Glossary of Equation Notation and Ptogrom Symbols1 

Defini tion 

Eartb semi-major axim 

Earth euai-minor axis 

Earth eccentricity 

Earth angular rotation 

Init ial  

Init ial  

Init ial  

Initi a1 

Init ial  

Init ial  

t i m e  

geodetic lati tude 

longitude 

azimuth 

height of coordinate system 

geocentric lati tude 

Radius  of Earth 

Init ial  Earth-center-to-vehicle d i s t ance  

Geode tic-geocentri c la t i tude  di fferen ce  

Sine of west azimuth 

Cos ine  of w e s t  azimuth 

Coordinates of the  origin of the inertial  Earth-centered 

coordinate system 

components of unit  Eartb sp in  a x i s  vector 

Components of Earth spin axis vector 

Pro- symbols refer to working stom@ location and not necessarily that location in which a quantity is initially 
stored on input. 



IPL Technicat Report No. 32-38 

Eqnation 

GHA (t,,,) 

J D  

cL 

@ L  

GHA ( to)  

e 

X L  

Y L  

Z L  

X L  

Z L  
yc 
X 
Y 
Z 

li 
Y 
i 

YP .. 

iP 

.. 
P X .. 

P 

P 

z 

x 

i 
P 

P 
x 

YP 

P z 

)I 

;P 
YP 

P z 

r 

PrOgrm 

GHA 

JULIE 

TLACH 

ASCL 

GHAT 

RTASN 

CAPXL 
CAPYL 
C A P  Z L  
CAPXLD 
C APY LD 
C A P Z L D  

CAPX 

CAPY 
C A P Z  
C.4PXD 
CAPY D 
CAF'ZD 

XDD0T 
Y D W T  
ZDDOT 
XD0T 
YDBT 
Z D 0 T  
LBCX 
LBCY 
LOCZ 

X P r n  
YPRIM 
ZP RIM 

RADIS 

Definition 

Greenwich hour angle at midnight of da t e  

Julian date 

Launch time referenced to midnight 

Origin rigbt ascens ion  a t  launch time 

Greenwich hour angle at launch time 

Vehicle right aeceneioa at time 

Posit ion and velocity components at launch in space-fixed 

coordinate system 

Posit ion and velocity components of time in  space-fixed coordinate 

s y s t e m  

Acceleration, velocity, and position components in the launch- 

centered inertial  coordinate s y s t e m  I 
Position coordinates in Earth-centered inertial  coordinate system i 
Earth-center-to-vehi c le  d i s tance  



PrOgflUl 

AR 1 

AR2 
AR3 

PSI 

AP RIM 
BP RIM 

GRV 1 
GRV2 
CRV3 

V l P  
V 2 P  
V3P 

VR 

VEL 1 

VEL2 

VEL3 

HITE 

PRERT 

PRESS 

SLPRS 

ACVEL 

FZERB 

FE 

wc 
WEMPT 

WFUEL 

WPDBT 

WRCE 

Definition 

Components of unit  7 vector 

Geocentric 1 ati tude 

Components of gravity potential  equation 

Components of gravity in inertial  coordinate system 

Components of Earth-fixed velocity in  inertial coordinate system 

Earth-fixed velocity 

Components of unit  velocity vector in inertial coordinate system 

H e i h t  above oblate-spheroidal Larth 

Atmosphere pressure ratio 

Atmospheric pressure 

Sea level atmospheric pressure  

Accoustic velocity 

Vacuum throat (lb) 

Exhaust a r ea  (ft2) 

Gross weight (Ib) 

Stage empty we igh t  

Fuel weight at shutoff 

Mass flow per unit  t ime  ( lb/sec)  

TbNSt 
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1 \e 

I, 

I 
I 
I 
I 
R 
R 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

Iifoation 

m (t) 

g0 

d0 
C 

M 

4 

d 

0 

Y 

'i 

CT 

W. 

X 

r 

E l  

? 2  

c 3  

a 
P 

a 
Y 

a 

nl  

"2 

"3 

c: 
N 

4 

A h  

Ptogram 

MASS 

GZERO 

CD0 

MACH 

QU 

DIAM 

THETA 

GAMMA 

SPEED 

SIGMA 

SIGMAI 

CHI 

TAU 

CE1  
CE2 

CE3 

ALFM 

ALFN 

ALPHA 

EN1 
EN2 
EN3 

P ARCN 

NO Rfvl 

PHI 

DELAM 

Defini tion 

Mass (slugs) 

Mass conversion unit 

Drag coefficient 

Mach number 

Dynamic pressure 

Vehicle effective diameter 

Earth-fixed path angle 

Inertial path angle 

Inertial velocity 

Earth-fixed path azimuth angle  

Inertial path azimuth angle 

;pitch angle 

;yaw angle 

P i tch  angle of a t tack 

Yaw angle of attack 

Total  angle of attack 

Components of unit normal force vector in inertial  coordinate system 

Normal force coefficient 

Total  normal force 

Angle subtended a t  the Earth center  from origin to current poeition 

of vehicle 

Cbange in longitude 
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Program 

LAMBDA 

XSUBM 
Y SUBM 
ZSUBM 
D xv 
DY 44 
D ZM 

XW 
YM 
ZM 

ASURX 

VSlil3X 

YSURS 

V XSTD 

V X T 0  

R A D  
RD'I 
RDDT 

HA 
H A R T  

DCL 
DC D 

ELEV 
ELEVD 

SIC 

SIGD 

LCK 

P0L 

FRQ 

Definition 

Longitude 

Measurable acceleration, velocity,  and position coordinates in 

inertial coordinate system 

Total measurable acceleration in  2 direction 

Total  measurable velocity in c direction 

Measurable shutoff ve 1 o city 

Standard measurable shutoff velocity 

Initial measurable velocity i n  ;direction 

+ 

Siani raJ i#c ,  iext?, = U ; d  c h z - p e  c!! ra te frnm i t h  station 

Hour angle and rate 

1 

Declination and rate 

Elevation and rate 

Azimuth and rate from ith station 

Look angle from ith station 

Polarization angle 

Frequency 
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I 
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I 
I 
I 
I 
I 
I 

APPENDIX 2 FLOW CHARTS 
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-1 
I 

mj+ 

* INDEX e 
STORE 

REGISTER 

I 
B 
I 
I 

r 
r x;*y;,z; c * - c 
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FIND 
Pfhl . + h 
- - - . O l d  
PI01 

DERIVATIVE ROUTINE 

I 

4 
A I . 8 '  

'S ($4 Y;,'"i#,Y, 
gI * 9 2 - 9 3  e, v' 1 

i 

e * 4 cdo F;rnIt),iF, M * AF 

c A 

STORE 

REGISTERS 
* INDEX . c 

- 
t c a 

INRTAZ SIGCO VEGAM THETCO 

' 

RESET 

REGISTERS 

1 
RESET 

REGISTERS 
I W X  * N i; 

.I 

GENERAL FORM OF SELECTED PATH CONTROL ROUTINE ( L A M  11 ) 

I ALFCO 

NORYF DCNF 
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I 
i 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
i 
I 
I 

STORE 

4 
* INDEX REGISTERS 

INDEPENDENT VARIABLE CONTROL ROUTINE 

RESET SET AND MOD 
* INDEX REGISTERS - INDEX REGISTERS 

4 I 

NORMAL 
ENTRY 

RESET 
INDEX REGISTERS . 

OUTPUT ROUTINE 

w 
PICK UP NEXT 

INDEX VARIABLE 
I 

NORMAL 
ENTRY 

CONTROL 

FORM 

i '.,5 A t,,, 1 

RESET 
ENTRY 

RESET 
ENTRY 

1 
STORE 

I 
- INDEXREGISTERS 

WHERE 

STORE 
IN 

SCOOT 

STORE 

4 
* INDEX REGISTERS 

53 

. 

OUTPUT 7 
CONVERT OUTPUT 

D E G R E E S 

STORE mtr .  deg 
INDEX TO METERS 

REGISTERS 

11. rad 

RESET 
INDEX * 

REGISTERS 
L 

PRINT 
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PICK UP SET PATH 
NEXT STAGE CONTROL c 

STORE 
INDEX 

REGISTER DATA MODE 

PREPARE NEXT STAGE 

- 
SET 

CONTROLS 
__I SCOOT 

i 

INITIAL 
ENTRY 

NORMAL 
ENTRY 

RETURN TO SEbRCH 

BY EQUATION 
B Y  SHUTOFF AFTER SHUTOFF 

1 
STORE STORE 

IN SCOOT SCOOT 
c t- IN T O  

FORM BURN- A f b Z o  Ab i -0  
OUT TIME 1 

tb= I t A tb 
L 

r-l PRINT 

c 
TO ENDCST TO SEARCH 

AFTER BURN AFTER COAST 
OF A b  OF Atc 

A l = 2  

RESET 

REGISTER 

PICK UP SHUT- 
OFF EQUATION 
PARAMETERS 

V 

i 
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* 
PRTMTR 

SET NO PRINT NEW 

EQUATION PARAMETERS 
SHUTOFF c STAGE 4 
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I 

* 

PREPARE COAST 

SET FORK 

REGISTERS I N  FCOMP 

FORM STORE 
STORE 
I N M X  FORCOAST ~ 

IN SCOOT G ' ?+I A I 
I 

TO ENDCST A p O  ArC*-O 
AFTER 
COAST 

Atc<O 

!- 

SET PATH TO FALL 
CONTROL AFTER 

COAST 

PRINT 
COAST 

STORE 

REGISTERS 
C INDEX 

RESET 
INDEX 

REGISTERS 

COMPUTE SET 
DERIVATIVES At=10 

PICK UP AND SET m V )  
SET 

At.10 
. STORE A L L  INDEPENDENT * EOUAL TO 

AND DEPENDENT VARIABLES ". 
I 

RESET 
INDEX 

REGISTERS 

COMPUTE SET 
DERIVATIVES At=10 

' 

PREPARE FALL TRAJECTORY 

RESET SET EXIT SET CONTROL NULL ALL 

IN SCOOT CONTROLS 
INDEX - TO c FOR h = O  1 SCOOT 

REGISTERS WHEN h a 0  

* 
STORE RESTORE ALL INDEPENDENT 
INDEX . D PRINT AND DEPENDENT VARIABLES . 

REGISTERS STORED 

RESET 
INDEX 

REGISTERS 

PICK UP 
NEXT STAGE 

ENDCST 
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FORM 

O F  VARS 
+ ADDRESSES - b 

1 

I SEARCH 
UNIVAR - BIVAR 

STORE IN 
SEARCH 
ROUTINE 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

PRINT + 
SEARCH 

COMPLETE 
PRINT 

CDCOI 

CDC05 
CDC02 w 

r 

STORE 
INDEX 

REGISTERS 

EACH TRAJECTORY PASS IS TERMINATED 
BY ROUTINE OF FOLLOWING FORM: 

+ 
RESET 
INDEX 

REGISTERS 
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APPENDIX 111. Standard Atmosphere Data 

ARDC STANDARD, A'IMOSPHERE TABLE, 1957 f i t  to the following polynomials. 

Pressure Ratio, P ( h ) /  P (0) 

Let y, = yi3ooooo where y is altitude in ft, and let 

aY" +B Y = e  

I f  

then 

PI(y); -2000 r < 53000. u = -5.55555, ,fi = -0.037033 

P2(y); 53000 5 y < 103000, a = -6.122461, p = 1.081631 

P,(y); 103000 5 y < 161000. a = -5.263157, P = 1.807015 

P4(y); 161000 5 y < 219000, a = -10.169524, ,/S = 5.437638 

f,(y); 219000 5 y < 266000, a = - 13.043504, 6 = 9.565234 

P,(y); 266000 5 y 5 3OOOO0, a = -18.181818, f i  = 16.181818 

P ( h )  = I 
and the coefficients of the Pi().) are SB follows: 

P1(y) P&Y) P&y) 

"0 0.23789984 x 10' 0.14458900 x 10' -0.12415715 x 10-1 

"1 

"2 0.40535928 x 10' 0.69038915 x lo1 -0.48021626 x 10' 

-0.168384% x lo1 -0.15571538 x 10' 0.12227733 x 10' 

O 3  -0.20377407 x 10' -0.15657724 x lo2 0.10065048 x 10' 

O 4  -0.42025751 x lo1 0.19784885 x lo2 -0.11347710 x lo1 

"5 0.41834655 x 10' -0.12955566 x lo2 0.66765279 x 10' 

a6 -0.13098712 x 10' 0.34371573 x 10' -0.15924085 x 10' 
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P,(Y) P&Y) p6(Y) 

"0 -0.56179751 x lo-, 0.23741591 x lo" -0.77198386 x 

"1 0.14188436 x 0.23035201 x 0.27363145 10-4 

"2 -0.32060724 x lo-' 0.35677239 x 0.22841154 x 

"3 0.11766024 x 10-1 -0.76502705 x 0.22841154 x 10 '~  

"4 -0.21279992 x 10-1 0.80790626 x -0.30004863 

0.185798% x 10'' -0.36553984 x 0.19021516 x 

a6 -0.62353042 x lo-' 0.36964025 x -0.45261983 x lo-, 

nns error: 

P1(?): 2.223321 x lo-,, 1 ) 3 ( y )  : 2.873879 x lo-'. P5(y) : 2.808945 x lo'? 

P Z ( ~ )  : 2.846544 X io-4, P4(?): 1.9210138 x P6(y) : 4.1468195 X lo-' 

Accoustic Velocity, a(h) 

Let y, = y/3OOOOO where y is altitude in ft. If  ai(y) = a. + alyn + + %y,, 6 then 

r (..I -ww nnnn 1 . y < so00 
1 7  

968.08 

a&Y) 

1105.7 

a3(y) 

922.8 

38000 5 y < 8oooO 

80000 5 y < 16OOOO 

160000 _< y < 17OOOO 

170000 5 y < 250000 

250000 5 y 5 300000 

4 Y )  a3(Y) 

0.21401073 x lo4 -0.18103956 x lo6 

- 0 . i m ~ 7 4 9  10' 0.14797600 x lo7 

I a(y) = 

and the coefficients of the ai(y) are as  follows: 

01(Y) 

aO 0.11161787 x LO4 

"1 -0.11675900 x LO4 

"2 OS6561107 x lo4 0.39502867 x 10' -0.49a04247 x lo7 

-0.32687665 x lo6 0.26060088 lo5 0.88937720 x lo7 "3 

a4 0.66136155 x lo7 -0.35596453 x lo6 -0.88885487 x lo7 
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a+Y) O,(Y) 

-0.58206908 x 10' 0.66814040 x 106 0.4~120469 10' 

-0.40833579 x lo6 -0.10347544 x lo7 '6 0.18605109 x lo' 

ma error: 

al(y): 0.26446% 

a2(y) : 0.25603012 

a,(y) : 0.34602895 
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APPENDIX IV. Sample Trajectory Input and Output 

POWERED FLIGHT TRAJECTORIES GNGO6 

E d A l v / 9 4  &6 
CH. NO. 

I N I T I A L  CONDIT IONS:  
k?C. ' I ,  1 OP . . yl Y iIL 

. . .  . .  1 

. . .  . .  I 

. . .  L . 1 1  

.3.9.21 0 .E .C  I 1 4 6 1  

'.3.9.3(- 0.E.C 0 
OPTIONAL START CONOlT lONS 

S E N S E  S W I T C H E S '  

. . .  
I I  

,4.r .s 0 . E . C  I .  0 
.4. I . 4  D.E& 0 

' . 4 . I . 5  D.E.C ). I .  0 A 
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m r  

--- - I 
I 
I 
I 
i 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

I MOTOR DATA: 
I MOTOR I 

* 2 . 3  8 0.E.C / I / . / /  

.2.4.0 D.E,C 

e . .  

1 1  I 1  I 

CON F I G. = I 
MOT04 2 

* .  I 

m f :  FUEL W€[GHT 5MUTOFF. USE F x . P r .  A L A  

I DURING TWIS T I Y E .  GDC: S A M E  AS GDB BUT FOQ COAST 

1 

I 
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MOTOR DATA OPTIONS: 1 

* . .  \ I Y . ,  . 
.3. I .4 D.E.CI \ .5 .2 .  I 

4 . 3 .  1.b  0.E.C \, 1.3.2.3 
1.3, I .5 D . E . ~ )  1.3.2.2 
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- 1 
me+. 

64 

r GUIDANCE P A R A M E T E R S :  I 
I CONSTANT C H I  PITCH C O N T R O L  FROM H O R I Z O N  I 

LAM38 

I 

I CONSTANT CHANGE IN C H I  I CONSTANT CHANGE IN YAW 

I ANGLE OF ATTACK IN P I T C H  

Ip. 
I APCT) 
1 )  

f .4 .5 .  I t' ID.E.CI ll 

ANGLE OF ATTACK IN YAW - 
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I S E A R C H :  ZMD. V A R 5 . z  1 
I E X P L A N A T I O N  I I! 

M A X I M G M  D E C R E M E N T  A L L O W E D  I N D  V A R S  1 

1 MAXD I MAXD I U D  VA'?, 
-,--- -7-- 

.q.O D.E.CI 1 

DkSIQED VALUES FOR DEP VARIABLES 
1 - 7  - - .-r---- ._ 

-- 
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r.., 5 

, >!, p- I-- 

7 

I 
n u -  r -  ,I- 

- r I .  . -  

- t i  f 

4 
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